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Abstract

Cognitive radiopromises a low cost, highly flexible alternative to the classic single frequency band,

single protocol wireless device. By sensing and adapting toits environment, such a device is able to fill

voids in the wireless spectrum and can dramatically increase spectral efficiency. In this paper, thecognitive

radio channelis defined as a 2 sender, 2 receiver interference channel in which sender 2 obtains the encoded

message sender 1 plans to transmit. We consider two cases: inthe genie aided cognitive radio channel,

sender 2 is non-causally presented the data to be transmitted by sender 1 while in thecausal cognitive radio

channel, the data is obtained causally. The cognitive radio at sender 2 may then choose to simultaneously

transmit over the same channel, as opposed to waiting for an idle channel as is traditional for a cognitive

radio. Our main result is the development of an achievable region which combines Gel’fand-Pinkser coding

with an achievable region construction for the interference channel. In the additive Gaussian noise case

this resembles dirty paper coding, a technique used in the computation of the capacity of the Gaussian

MIMO broadcast channel. Numerical evaluation of the regionin the Gaussian noise case is performed, and

compared to an inner bound, the interference channel, and anouter bound, a modified Gaussian MIMO

broadcast channel. Results are also extended to the case in which the message is causally obtained.

Index Terms

Cognitive radio channel, dirty-paper coding, Gaussian MIMO broadcast channel, Gel’fand-Pinsker

coding, interference channel, wireless communication.

I. M OTIVATION

Recently, there has been an explosion of interest in cognitive and software radios, as is evidenced

by FCC proceedings [5], [6], talks [20], and papers [15], [19]. Software Defined Radios(SDR) [14]

are wireless communication devices equipped with either a general purpose processor or programmable

silicon as hardware base, and enhanced by a flexible softwarearchitecture. They are low-cost, can be
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rapidly upgraded, and may adapt to the environment in real-time. Such devices are able to operate in

many frequency bands, under multiple transmission protocols and employ a variety of modulation and

coding schemes. Taking this one step further, Mitola [15] coined the termcognitive radiofor software

defined radios capable of sensing their environment and making decisions instantaneously, without any user

intervention. This allows them to rapidly change their modulation schemes and communication protocols

so as to better communicate in the sensed environment.

Apart from their low cost and flexibility, another benefit of SDR technology is spectral efficiency.

Currently, FCC measurements indicate that at any time roughly 10% of the unlicensed frequency spectrum

is actively in use (leaving 90% unused)[7]. If a wireless device such as a cognitive radio is able to sense

an idle channel in a particular frequency band (or at a particular time), then it can shift to that frequency

band (or time slot) to transmit its own information, potentially leading to a dramatic increase in spectral

(or temporal) efficiency.

In current cognitive radio protocol proposals, the device listens to the wireless channel and determines,

either in time or frequency, which part of the spectrum is unused [11]. It then adapts its signal to fill

this void in the spectrum domain. Thus, a device transmits over a certain time or frequency band only

when no other user does. In this paper, the cognitive radio behavior is generalized to allow two users to

simultaneously transmit over the same time or frequency. Under our scheme, a cognitive radio will listen

to the channel and, if sensed idle, could proceed with the traditional cognitive radio channel model, that is,

transmit during the voids. On the other hand, if another sender is sensed, the radio may decide to proceed

with simultaneous transmission. The cognitive radio need not wait for an idle channel to start transmission.

Although cognitive radios have spurred great interest and excitement in industry, many of the fundamental

theoretical questions on the limits of such technology remain unanswered. In this paper, we propose a

general model of a cognitive radio channel and study its theoretic limits. Specifically, we will prove

achievability, in the information theoretic sense, of a certain set of rates at which two senders (cognitive

radios, denoted asS1 andS2) can transmit simultaneously over a common channel to two independent

receivers,R1 andR2, whenS2 is aware of the message to be sent byS1. Our methods borrow ideas

from Gel’fand and Pinsker’s coding for channels with known interference at the transmitter [9], Costa’s

dirty paper coding [2], the interference channel [1], the Gaussian MIMO broadcast channel [26], and the

achievable region of the interference channel described byHan and Kobayashi [10]. The results are also

related, conceptually, to other communication systems in which user cooperation is employed in order to

enhance the capacity. These schemes can be traced back to telegraphy, and have recently been considered

in thecollaborative communicationsof [21], the spatial diversity enhancing schemes obtained through user

cooperation described in [24], [25], and many others such as[12], [13], [17], [18].

A key idea behind achieving high data rates in an environmentwhere two senders share a common

channel is interference cancelation or mitigation. When side-information is known at the transmitter only,

May 16, 2006 DRAFT



IEEE TRANSACTIONS ON INFORMATION THEORY 3

U S YX Z
Fig. 1. Dirty paper coding channel with input X, auxiliary random variable U, interference S known non-causally to the transmitter,

additive noise Z and output Y.

the channel capacity is given by the well-known formula obtained by Gel’fand and Pinsker [9] as

C = max
p(u,x|s)

[I(U ;Y ) − I(U ;S)] ,

whereX is the input to the channel,Y is the output,S is the interference, andU is an auxiliary random

variable chosen to make the channelU → Y appear causal. The channel model and variables are shown in

Fig. 1 for additive interference and noise. We refer to the coding technique used in [9] as Gel’fand-Pinkser

coding. In the Gaussian noise and interference case, Costa achieves the capacity of an interference-free

channel by assuming the inputX to the channel is Gaussian, and then considering an auxiliary variableU

of the formU = X+αS for some parameterα whose optimal value is equal to the ratio of the signal power

to the signal plus noise power. Since the rate thus obtained is equal to the capacity of an interference-free

channel, which provides an upper bound, optimality is achieved by the assumed Gaussian inputX . Dirty

paper codingis the term first used by Costa [2] to describe a technique which completely mitigatesa-priori

known interference over an input power constrained additive white Gaussian noise channel. We will make

use of the coding techniques of Costa [2], Gel’fand and Pinsker [9], as well as Cover and Chiang [3] in

our main results in Sections II and IV.

Our methods are also closely related to the interference channel, which is briefly described next. Consider

a discrete memorylessinterference channel[1], with random variablesX1 ∈ X1, X2 ∈ X2 as inputs to

the channel characterized by the conditional probabilities p(y1|x1, x2), p(y2|x1, x2) with resulting channel

output random variablesY1 ∈ Y1, Y2 ∈ Y2. The interference channel corresponds to two independent

sendersS1, S2, with independent non-cooperating receiversR1,R2, transmitting over the same channel,

and thus interfering with each other.

The additive interference channel is shown in Fig. 2. In thispaper, wireless channels are indicated using

solid black lines, related variables are connected throughdashed lines, while interference is denoted using

dotted lines. There, in addition to the additive interference from the other sender, each output is affected

by independent additive noiseZ1, Z2. The parametersa12, a21 capture the effects of the interference. The

channel outputs are:




Y1

Y2



 =





1 a21

a12 1









X1

X2



 +





Z1

Z2



 . (1)

The interference channel capacity, in the most general case, is still an open problem. In the case of strong
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Fig. 2. The additive interference channel with inputsX1, X2, outputsY1, Y2, additive noiseZ1, Z2 and interference coefficients

a12, a21.

interference, as defined in [10], [23], and very-strong interference, as defined in [1], the capacity is known.

Achievable regions of the interference channel have been calculated in [10], and recently in [22]. We will

make use of the techniques in [10], merged with Gel’fand-Pinsker coding [9] to provide an achievable

region for the cognitive radio channel, as defined next.

The main contribution of this paper is to define and prove the achievability of a region of rate pairs for

a cognitive radio channel.A cognitive radio channelis defined to be an interference channel in whichS2

has knowledge of the message to be transmitted byS1. This is either obtained causally, or could possibly

be given to the sender non-causally by a “genie”. The main theorem and corollary will be proved for

the non-causal case, or thegenie-aided cognitive radio channel.OnceS2 hasS1’s message, two possible

coding techniques become apparent. In the first,S2 treats the message ofS1 as interference and tries

to compensate for it using a binning technique similar to theone seen in Gel’fand and Pinsker’s coding

scheme for channels with side information known at the transmitter [9]. This results in an achievable region

for the rate pair that enlarges the region in [10], and reduces to that region in the case where no interference

mitigation is performed. In the second,S2 could refrain from transmitting its own information and actas

a relay forS1. In this case, a2 → 1 MISO channel between(S1,S2) → R1 is obtained. The main result

argues that time-sharing can then achieve the convex-hull of the regions obtained using these two coding

techniques. Simulations in the Gaussian noise case comparethe rate region described in this paper to both

the upper bound provided by a2× 2 MIMO Gaussian broadcast channel (with one receiving antenna per

receiver) [26], and an additional upper bound provided by aninterference-free channel. Simulations also

suggest that the larger the power mismatch between the two senders, the better this scheme performs.

The paper is structured as follows: Section II defines thegenie-aided cognitive radio channelas an

interference channel in which one sender is non-causally given the other sender’s message. Section II also

proves the main result: achievability of a certain rate region. The employed technique merges the results

of Gel’fand and Pinsker [9] on coding for channels with side information known at the transmitter and the
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achievable region for the interference channel described by Han and Kobayashi [10]. The significance of

our result is shown in Section III, where numerical methods are used to compute an achievable region in

the additive white Gaussian noise case. Our region extends that of [10] and is compared to an upper bound

given by the2 × 2 Gaussian MIMO broadcast channel [26] intersected with thatof an interference-free

channel. Section IV extends the genie-aided cognitive radio channel model of Section II to a more realistic

scenario in which all signals are obtained causally. In Section V, we summarize the main contributions

of this paper: the definition of acognitive radio channel, the proof ideas and the significance of a certain

achievable rate region for this channel.

II. GENIE-AIDED COGNITIVE RADIO CHANNEL DEFINITION

A genie-aided cognitive radio channelCCOG is defined to be an interference channel in whichS2 is

given, in a non-causal manner (i.e., by a genie), the messagexn
1 which S1 will transmit, as illustrated in

Fig. 3. This non-causal constraint will be relaxed in Section IV, and acognitive radio channeldescribes

the case where the message is causally obtained.S2 can then exploit the knowledge ofS1’s message, and

potentially improve the transmission rate by, for example,using a binning technique (similar to dirty paper

coding). In the following, an achievable rate region for such a cognitive radio channel is constructed in

a way which combines the results of Gel’fand and Pinsker [9] on the capacity of channels with known

interference, Costa’s [2] dirty paper coding, and the largest known achievable region of the interference

channel as described by Han and Kobayashi [10], in which senders are completely independent. Intuitively,

the achievable region in [10] should lie entirely within thecognitive achievable region, since in the latter,

the senders are permitted to at least partially cooperate. They could choose not to cooperate at all and in

that case reduce to the scenario in [10]. An upper bound for our region in the Gaussian case is provided

by the 2 × 2 MIMO broadcast channel whose capacity region, in the Gaussian case, has recently been

calculated in [26]. In [26], dirty paper coding techniques are shown to be optimal for non-degraded vector

broadcast channels. Our channel model resembles that of [26], with one important difference. In the scheme

of [26] it is presumed that both senders can cooperate in order to precode the transmitted signal. In our

scheme, the relation between the two senders is asymmetric.We believe this is a reasonable model for the

target application of a cognitive radio channel in which onesender is transmitting and a second sender

obtains the first sender’s transmission before starting itsown. The rate ofS2 is also bounded by the rate

achievable in an interference-free channel, witha12 = 0. For some rate pairs, this interference-free channel

provides a tighter bound than the2 × 2 MIMO broadcast channel, and vice versa.

An (n,K1,K2, ǫ) codefor thegenie-aided cognitive radio channelconsists ofK1 codewordsxn
1 (i) ∈ Xn

1

for S1, andK1·K2 codewordsxn
2 (i, j) ∈ Xn

2 for S2, i ∈ {1, 2, . . . ,K1}, j ∈ {1, 2, . . . ,K2}, which together

form thecodebook, revealed to both senders and receivers such that the average error probabilities under

some decoding scheme are less thanǫ.

A rate pair(R1, R2) is said to beachievablefor the genie-aided cognitive radio channel if there exists
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Fig. 3. The additive interference genie-aided cognitive radio channel with inputsX1, X2, outputsY1, Y2, additive noiseZ1, Z2

and interference coefficientsa12, a21 . S1’s input X1 is given toS2 (indicated by the arrow), but not the vice versa.

X 1 Z 1 Y 1+X 2 Z 2 Y 2+a 1 2a 2 1N 2M 2N 1M 1
S e n d e r 2

R e c e i v e r 1
R e c e i v e r 2

(S1) (R1)

(S2) (R2)

S e n d e r 1
Fig. 4. The modified genie-aided cognitive radio channel with auxiliary random variablesM1, M2, N1, N2, inputsX1, X2, additive

noiseZ1, Z2, outputsY1, Y2 and interference coefficientsa12, a21 .

a sequence of(n, 2⌈nR1⌉, 2⌈nR2⌉, ǫn) codes such thatǫn → 0 asn→ ∞. An achievable regionis a closed

subset of the positive quadrant ofR
2 of achievable rate pairs.

The interference channel capacity region, in the most general case, is still an open problem. This is the

case for thegenie-aided cognitive radio channelas well. In [10], an achievable region of the interference

channel is found by first considering a modified interferencechannel and then establishing a correspondence

between the achievable rates of the modified and the originalproblems. A similar modification is made in

the next subsection.

A. The Modified Genie-aided Cognitive ChannelCm
COG

Similar to [10], we introduce a modified genie-aided cognitive radio channel,Cm
COG, (m for modified)

and demonstrate an achievable region forCm
COG. Then, a relation between an achievable rate forCm

COG

and an achievable rate forCCOG is used to establish an achievable region for the latter. Themodified

genie-aided cognitive radio channelCm
COG is defined as in Fig. 4 below.

Let X1 ∈ X1 andX2 ∈ X2 be the random variable inputs to the channel. LetY1 ∈ Y1and Y2 ∈ Y2

be the random variable outputs of the channel. The conditional probabilities of the discrete memoryless
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Variable Description

S1, S2 Sender 1, Sender 2

R1, R2 Receiver , Receiver 2

M1 Private information to be sent fromS1 → R1

N1 Public information to be sent fromS1 → (R1,R2)

M2 Private information to be sent fromS2 → R2

N2 Public information to be sent fromS2 → (R1,R2)

X1, X2 Encodings transmitted byS1, S2 respectively

Y1, Y2 Received signals atR1, R2 respectively

a12, a21 Interference coefficients

R11 Rate achieved betweenS1 → R1

R12 Rate achieved betweenS1 → (R1,R2)

R21 Rate achieved betweenS2 → (R1,R2)

R22 Rate achieved betweenS2 → R2

TABLE I

DEFINITIONS OF VARIABLES.

Cm
COG are the same as those of the discrete memorylessCCOG and are fully described byp(y1|x1, x2)

andp(y2|x1, x2) for all valuesx1 ∈ X1, x2 ∈ X2, y1 ∈ Y1 andy2 ∈ Y2.

The modified genie-aided cognitive radio channel introduces two pairs of auxiliary random variables:

(M1, N1) and(M2, N2). The random variablesM1 ∈ M1 andM2 ∈ M2 represent, as in [10], the private

information to be sent fromS1 → R1 andS2 → R2 respectively. In contrast, the random variablesN1 ∈ N1

andN2 ∈ N2 represent the public information to be sent fromS1 → (R1,R2) and S2 → (R1,R2)

respectively. The function of theseM1, N1,M2, N2 is as in [10]: to decompose or defineexplicitly the

information to be transmitted between various input and output pairs.

In this work,M2 andN2 also serve a dual purpose: these auxiliary random variablesare analogous to the

auxiliary random variables of Gel’fand and Pinsker [9] or Cover and Chiang [3]. They serve as fictitious

inputs to the channel, so that afterS2 is informed of the encoded message ofS1 non-causally, the channel

still behaves like a Discrete Memoryless Channel (DMC) from(M1, N1,M2, N2) → (Y1, Y2). As in [3],

[9], there is a penalty in using this approach which will be reflected by a reduction in achievable rates

(compared to the fictitious DMC from(M1, N1,M2, N2) to (Y1, Y2)) for the links which use non-causal

information. In Gel’fand and Pinsker, use of side-information S to transmit the auxiliary random variable

U reduces the achievable rate byI(U ;S). In our case using the side informationM1, N1 (which we will

obtain fromX1) to help transmit the auxiliary random variablesM2 andN2 will reduce their rates by

I(M2;M1, N1) andI(N2;M1, N1) respectively. For clarity, Table I describes all variablesemployed.

Similar to the definition of acode in the genie-aided cognitive radio channel case, define an
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(n,K11,K12,K21,K22, ǫ) code for the modified genie-aided cognitive radio channel asa set ofK11 ·
K12 codewordsxn

1 (i, j) ∈ Xn
1 , for S1 andK11 · K12 · K21 · K22 codewordsxn

2 (i, j, k, l) ∈ Xn
2 , i ∈

{1, 2, . . . ,K11}, j ∈ {1, 2, . . . ,K12}, k ∈ {1, 2, . . . ,K21}, l ∈ {1, 2, . . . ,K22}, such that the average

probability of decoding error is less thanǫ. Call a quadruple(R11, R12, R21, R22) achievable if there

exists a sequence of(n, 2⌈nR11⌉, 2⌈nR12⌉, 2⌈nR21⌉, 2⌈nR22⌉, ǫn) codes such thatǫn → 0 as n → ∞. An

achievable region for the modified genie-aided cognitive radio channel is the closure of a subset of the

positive region ofR4 of achievable rate quadruples.

As mentioned in [10], the introduction of a time-sharing random variableW is thought to strictly extend

the achievable region obtained using a convex hull operation. Thus, letW ∈ W be a time-sharing random

variable whosen-sequenceswn △
= (w(1), w(2), . . . , w(n)) are generated independently of the messages,

according to
∏n

t=1 p(w
(t)). Then-sequencewn is given to both senders and both receivers. The paper’s

main theorem and corollary are stated next.

Theorem 1:Let Z
△
= (Y1, Y2, X1, X2,M1, N1,M2, N2,W ), and letP be the set of distributions onZ

that can be decomposed into the form

p(w)p(m1|w)p(n1|w)p(x1|m1, n1, w)

× p(m2|m1, n1, w)p(n2|m1, n1, w) (2)

× p(x2|m2, n2, w)p(y1|x1, x2)p(y2|x1, x2).

For anyZ ∈ P , let S(Z) be the set of all quadruples(R11, R12, R21, R22) of non-negative real numbers

such that there exist non-negative real(L21, L22) satisfying:

R11 ≤ I(M1;X1|N1,W ) (3)

R12 ≤ I(N1;X1|M1,W ) (4)

R11 +R12 ≤ I(M1, N1;X1|W ) (5)

R21 ≤ L21 − I(N2;M1, N1|W ) (6)

R22 ≤ L22 − I(M2;M1, N1|W ) (7)

R11 ≤ I(Y1, N1, N2;M1|W ) (8)

R12 ≤ I(Y1,M1, N2;N1|W ) (9)

L21 ≤ I(Y1,M1, N1;N2|W ) (10)

R11 +R12 ≤ I(Y1, N2;M1, N1|W ) (11)

R11 + L21 ≤ I(Y1, N1;M1, N2|W ) (12)
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R12 + L21 ≤ I(Y1,M1;N1, N2|W ) (13)

R11 +R12 + L21 ≤ I(Y1;M1, N1, N2|W ) (14)

L22 ≤ I(Y2, N1, N2;M2|W ) (15)

R12 ≤ I(Y2, N2,M2;N1|W ) (16)

L21 ≤ I(Y2, N1,M2;N2|W ) (17)

L22 + L21 ≤ I(Y2, N1;M2, N2|W ) (18)

L22 +R12 ≤ I(Y2, N2;M2, N1|W ) (19)

R12 + L21 ≤ I(Y2,M2;N1, N2|W ) (20)

L22 +R21 + L12 ≤ I(Y2;M2, N1, N2|W ). (21)

Let S be the closure of∪Z∈PS(Z). Then any element ofS is achievable for the modified genie-aided

cognitive radio channelCm
COG.

Proof: It is sufficient to show the achievability of the interior elements ofS(Z) for eachZ ∈ P . So, fix

Z = (Y1, Y2, X1, X2,M1, N1,M2, N2,W ) and take any(R11, R12, R21, R22) and(L21, L22) satisfying the

constraints of the theorem. The standard notation and notions of strongǫ-typicality, strong joint typicality,

and strongly typical sets of [4] will be used.

Codebook generation: Let some distribution onZ of the form (2) be given. For anyǫ > 0 it is sufficient

to prove that there exists a large enough block lengthn to ensure that the probability of error is less

than ǫ. To generate the codebook, first letwn △
= (w(1), w(2), . . . , w(n)) be a sequence inWn chosen

randomly according to
∏n

t=1 p(w
(t)) and known toS1,S2,R1 and R2. Next, note thatp(m2|w) =

∑

m1,n1∈M1,N1
p(m2|m1, n1, w)p(m1|w)p(n1|w), andp(n2|w) =

∑

m1,n1∈M1,N1
p(n2|m1, n1, w)p(m1|w)p(n1|w).

We will generate the codebook according to the distribution

p(w)p(m1|w)p(n1|w)p(x1|m1, n1, w)

p(m2|w)p(n2|w) p(x2|m2, n2, w) (22)

p(y1|x1, x2)p(y2|x1, x2).

To do so,

1) Generate2⌈n(R11−10ǫ)⌉ n-sequencesm1(i) i.i.d. according to
∏n

t=1 p(m
(t)
1 |w(t)).

2) Generate2⌈n(R12−10ǫ)⌉ n-sequencesn1(j) i.i.d. according to
∏n

t=1 p(n
(t)
1 |w(t))

3) Generate2⌈n(L21−10ǫ)⌉ n-sequencesn2(l) i.i.d. according to
∏n

t=1 p(n
(t)
2 |w(t)) → throw into2⌈n(R21−10ǫ)⌉

bins uniformly.
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4) Generate2⌈n(L22−10ǫ)⌉ n-sequencesm2(k) i.i.d. according to
∏n

t=1 p(m
(t)
2 |w(t)) → throw into2⌈n(R22−10ǫ)⌉

bins uniformly.

We note that the binning scheme used here resembles that of Gel’fand and Pinsker [9]. Define the message

index spacesS11
△
= {1, 2, . . . , 2⌈n(R11−10ǫ)⌉}, S12

△
= {1, 2, . . . , 2⌈n(R12−10ǫ)⌉}, S21

△
= {1, 2, . . . , 2⌈n(R21−10ǫ)⌉}

andS22
△
= {1, 2, . . . , 2⌈n(R22−10ǫ)⌉}. The aim is to send a four dimensional messages

△
= (s11, s12, s21, s22) ∈

S △
= S11×S12×S21×S22 whose first two components are message indices and whose lasttwo components

are bin indices. Note that if such a message can be sent with arbitrarily small probability of error, then

the rates achieved will be(R11, R12, R21, R22) for the respective sender→ receiver pairsS1 → R1,

S1 → (R1,R2), S2 → (R1,R2) andS2 → R2.

Recall that the messages actually sent over the genie-aidedcognitive radio channel are elements of

Xn
1 , Xn

2 . The message indices are mapped into the signal spaceXn
1 as follows:

1) To sends11 ands12, look up the sequencesmn
1 (s11) andnn

1 (s12).

2) Generatexn
1 i.i.d. according to

∏n
t=1 p(x

(t)
1 |mn

1 (s11), n
n
1 (s12), w

n), and sendxn
1 .

A genie now presentsS2 with xn
1 . Fromxn

1 , S2 can recovermn
1 andnn

1 using a joint typicality-based

decoder. The MAC eqns. (3)-(5) ensure that this is indeed possible. Then, to send its own messages

(s21, s22), S2 proceeds as follows:

1) To sends21 ands22, look in bin s21 ands22 for sequencesnn
2 andmn

2 such that(nn
2 ,m

n
1 , n

n
1 , w

n) and

(mn
2 ,m

n
1 , n

n
1 , w

n) are jointly typical tuples respectively according to the joint distribution in(2).

2) Generatexn
2 i.i.d. according to

∏n
t=1 p(x

(t)
2 |m(t)

2 , n
(t)
2 , w(t)), and send thisxn

2 .

Decoding: R1 and R2 decode independently, based on strong joint typicality. The inputsxn
1 , x

n
2 to

the genie-aided cognitive radio channel are received atR1, R2 as yn
1 , y

n
2 according to the conditional

distributionspn(yn
1 |xn

1 , x
n
2 ) =

∏n
t=1 p(y

(t)
1 |x(t)

1 , x
(t)
2 ) and pn(yn

2 |xn
1 , x

n
2 ) =

∏n
t=1 p(y

(t)
2 |x(t)

1 , x
(t)
2 ). R1

attempts to recover(s11, s12, s21) (R2 attempts to recover(s12, s21, s22)) based onyn
1 (yn

2 resp.) andwn.

Thus, the decoders atR1 (R2 resp.) are functions

ψ1 : Yn
1 ×Wn → S11 × S12 × S21,

ψ1(y
n
1 , w

n) = (ψ11
1 (yn

1 , w
n), ψ12

1 (yn
1 , w

n), ψ21
1 (yn

1 , w
n))

ψ2 : Yn
2 ×Wn → S12 × S21 × S22,

ψ2(y
n
2 , w

n) = (ψ12
2 (yn

2 , w
n), ψ21

2 (yn
2 , w

n), ψ22
2 (yn

2 , w
n)).

WhenR1 (R2 resp.) receives then-sequenceyn
1 (yn

2 resp.) andwn, it looks at the set of all input sequences

mn
1 , n

n
1 , n

n
2 (mn

2 , n
n
2 , n

n
1 resp.) that areǫd -jointly typical (for someǫd > 0), according to the distribution

(22) with the receivedyn
1 (yn

2 resp.) andwn. Thus,R1 (R2) forms the set, for the givenwn ∈ Wn

S1(y
n
1 , w

n)
△
= {(mn

1 , n
n
1 , n

n
2 ) : (yn

1 ,m
n
1 , n

n
1 , n

n
2 , w

n)
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∈ An
ǫd

(Y1,M1, N1, N2|W )}

S2(y
n
2 , w

n)
△
= {(mn

2 , n
n
1 , n

n
2 ) : (yn

2 ,m
n
2 , n

n
1 , n

n
2 , w

n)

∈ An
ǫd

(Y2,M2, N1, N2|W )}.

SinceR1 andR2 are decoding message and bin indices, letB(mn
1 ) andB(nn

1 ) be the message indices

in S11 andS12 respectively, whileB(mn
2 ) andB(nn

2 ) are the bin indices of then-sequences inS22 and

S21 respectively. Then the decoding functionψ1(·, ·) is as follows:

If all (mn
1 , ·, ·) ∈ S1(y

n
1 , w

n) have the same message index, then we letψ11
1 (yn

1 , w
n) = B(mn

1 ).

If all (·, nn
1 , ·) ∈ S1(y

n
1 , w

n) have the same message index, then we letψ12
1 (yn

1 , w
n) = B(nn

1 ).

If all (·, ·, nn
2 ) ∈ S1(y

n
1 , w

n) have the same bin index, then we letψ21
1 (yn

1 , w
n) = B(nn

2 ).

Otherwise, an error is declared.ψ2(·) is defined analogously.

We defer the probability of error analysis to the Appendix. The analysis shows that if

(R11, R12, R21, R22) and (L21, L22) are as in the statement of the theorem, then reliable communication

is possible.

Another important rate pair for the genie-aided cognitive radio channel is achievable: that in whichS2

transmits no information of its own toR2, and simply aidsS1 in sending its toR1. When this is the case,

the rate pair(R∗
1, 0) is achievable, whereR∗

1 is the capacity of the vector channel(S1,S2) → R1. Note

however, that the analogous rate pair(0, R∗
1) is not achievable, since that would involveS1 aiding S2 in

sendingS2’s message. This cannot happen under our assumptions;S2 knowsS1’s message, but not vice

versa. The overall achievable region of this paper is given by the following Corollary.

Corollary 2: Let C0 be the set of all points(R11 + R12, R21 + R22) where (R11, R12, R21, R22) is

an achievable rate tuple of Theorem 1. Consider the vector channel (S1,S2) → R1 described by the

conditional probability densityp(y1|x1, x2) for all y1 ∈ Y1, x1 ∈ X1, x2 ∈ X2, and define

R∗
1

△
= max

p(x1,x2)
I(X1, X2;Y1). (23)

Then the convex hull of the regionC0 with the point(R∗
1, 0) is achievable for the genie-aided cognitive

radio channel.

Proof: Direct application of Lemma 2.1 in [10] to the modified genie-aided cognitive radio channel

demonstrates that if the rate quadruple(R11, R12, R21, R22) is achievable for the modified genie-aided

cognitive radio channel, then the rate pair(R11 + R12, R21 + R22) is achievable for the genie-aided

cognitive radio channel. The point(R∗
1, 0) is also achievable. The convex hull is then achievable by

standard time-sharing arguments.

Next, an achievable region is demonstrated in the Gaussian case.
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Fig. 5. The modified Gaussian genie-aided cognitive radio channel with inputs X1, X2, auxiliary random variables

U1, W1, U2, W2, M1, N1, M2, N2, outputsY1, Y2, additive Gaussian noiseZ1, Z2 and interference coefficientsa12, a21.

III. T HE GAUSSIAN COGNITIVE RADIO CHANNEL

Consider the genie-aided cognitive radio channel, depicted in Fig. 5, with independent additive noise

Z1 ∼ N (0, Q1) andZ2 ∼ N (0, Q2). We assume the two transmitters are power limited toP1 andP2

respectively. In order to determine an achievable region for the modified Gaussian genie-aided cognitive

radio channel, specific forms of the random variables described in Theorem 1 are assumed. As in [2], [8],

[10], Theorem 1 and Corollary 2 can readily be extended to memoryless channels with discrete time and

continuous alphabets by finely quantizing the input, output, and interference variables (Gaussian in this

case). LetW , the time-sharing random variable, be constant. Consider the case where, for certainα, β ∈ R

andλ, λ, γ, γ ∈ [0, 1], with λ+ λ = 1, γ + γ = 1, and additional independent auxiliary random variables

U1,W1, U2,W2 as in Fig. 5, the following hold:

U1 = M1, distributed according toN (0, λP1)

W1 = N1, distributed according toN (0, λP1)

X1 = U1 +W1 = M1 +N1, distributed according toN (0, P1)

M2 = U2 + αX1 = U2 + α(M1 +N1),

whereU2 is distributed according toN (0, γP2)

N2 = W2 + βX1 = W2 + β(M1 +N1),

whereW2 is distributed according toN (0, γP2)

X2 = U2 +W2, distributed according toN (0, P2).

In this model, the received signals are given by

Y1 = X1 + a21X2 + Z1 (24)

= U1 +W1 + a21(U2 +W2) + Z1
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COV (Y1, Y2, M1, N1, M2, N2, X1) = E[ΘT Θ]

=

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

P1 + a2
21P2 + Q1 a12P1 + a21P2 λP1 λP1 αP1 + a21γP2 βP1 + a21γP2 P1

a12P1 + a21P2 a2
12P1 + P2 + Q2 a12λP1 a12λP1 a12αP1 + γP2 a12βP1 + γP2 a12P1

λP1 a12λP1 λP1 0 αλP1 βλP1 λP1

λP1 a12λP1 0 λP1 αλP1 βλP1 λP1

αP1 + a21γP2 a12αP1 + γP2 αλP1 αλP1 γP2 + α2P1 αβP1 αP1

βP1 + a21γP2 a12βP1 + γP2 βλP1 βλP1 αβP1 γP2 + β2P1 βP1

P1 a12P1 λP1 λP1 αP1 βP1 P1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

, (26)

Y2 = a12X1 +X2 + Z2 (25)

= a12(U1 +W1) + U2 +W2 + Z2.

Note that the MAC channel between(M1, N1) → X1 is a noiseless additive channel with Gaussian

inputs. Thus the bounds in eqns. (3) - (5) do not impose any constraints onR11 andR12. Notice that

althoughU1,W1, U2,W2 are mutually independent,M1, N1,M2, N2 are not necessarily so. Bounds on

the ratesR11, R12, R21, R22 can be calculated as functions of the free parametersα, β, λ, γ, as well as

a12, a21, Q1, Q2, P1, P2. First, we calculate the covariance matrix between all variables:

where Θ
△
= (Y1 Y2 M1 N1 M2 N2 X1). The values forλ and γ are repeatedly randomly

selected from the interval[0, 1]. The values ofα andβ are also repeatedly generated according toN (0, 1).

There exist bounds on the admissible values ofα andβ in order to keep all upper bounds on the rates

R11, R12, R21 andR22 positive. However, these are not explicitly considered, and wheneverα, β values

cause any bound to be negative, those particular values ofα andβ are rejected. For each 4-tupleλ, γ, α, β,

the above covariance matrix (26) yields all the informationnecessary to calculate the 14 remaining bounds

(8) - (21) on (R11, R12, R21, R22) of Theorem 1. Each mutual information bound can be expanded in

terms of entropies, which can then be evaluated by taking thedeterminant of appropriate sub-matrices

of (26). The achievable regions thus obtained for the Gaussian genie-aided cognitive radio channel are

plotted in Fig. 6. The innermost region corresponds to the achievable region of [10], and may be obtained

by settingα = β = 0. As expected, because of the extra information at the encoder and the partial use

of a binning (dirty-paper coding) technique, our achievable region in Theorem 1 (the second to smallest

region in Fig. 6) extends that of [10]. Our overall achievable region, that of Corollary 2:, further extends

that of Theorem 1, as seen by the second largest region in Fig.6. 4-tuples were created until the regions

extended negligibly. An upper bound on our achievable rate region is provided by the2 × 2 Gaussian

MIMO broadcast channel, whose capacity was recently computed in [26]. The largest region in Fig. 6 is

the intersection of the2 × 2 Gaussian MIMO broadcast channel capacity region with the bound onS2’s

rateR2 ≤ 1
2 log(1 + P2/Q2) provided by the interference-free channel (in whicha12 = 0). The Gaussian
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MIMO broadcast channel capacity region is computed using a covariance matrix constraint on the inputs

X = (X1, X2)
T of the formE[XXT ] � S, where, in order to mimic the individual power constraints

P1 andP2 on the two users for the MIMO case, the input covariance matrix S was constrained to have

diagonal elementsP1 andP2, and is of the form

S =





P1 c

c P2



 ,

for some−√
P1P2 ≤ c ≤ √

P1P2 (which ensuresS is positive semi-definite). For each suchS, and all

positive semi-definite matricesB andD, whereB +D � S, both rate pairs

R1 ≤ 1

2
log

(

H1BH
T
1 +Q1

Q1

)

, R2 ≤ 1

2
log

(

H2(B +D)HT
2 +Q2

H2BHT
2 +Q2

)

and

R1 ≤ 1

2
log

(

H1(B +D)HT
1 +Q1

H1DHT
1 +Q1

)

, R2 ≤ 1

2
log

(

H2DH
T
2 +N2

Q2

)

are achievable, whereH1 = (1, a21) andH2 = (a12, 1). The convex hull of the union of these pairs

over all possibleS, B andD matrices yields the capacity region of the2 × 2 Gaussian MIMO broadcast

channel with channels described byH1 andH2, and input covariance constraint matrixS. The 2 × 2

Gaussian MIMO broadcast channel is a channel in which two transmitters can cooperate in order to send

messages to two independent, non-cooperating receivers. This is equivalent to bothS1 andS2 knowing

each others’ messages, whereas in the genie-aided cognitive radio channel,S2 knowsS1’s message, but

not vice versa. There is a lack of symmetry, and this is apparent in the plots, where it can be seen that

the binning (dirty paper coding) technique aims to eliminate the interference fromS1, and thus boosts

the rate ofS2 more than that ofS1. Although S1 also sees rate increases, it is unclear whether the

interference mitigation performed byS2 is optimal for S1’s rate. An upper bound on the rate ofS2 is

provided by the interference-free channel in whicha12 = 0. Thus,R2 ≤ 1
2 log(1 + P2/Q2). For small

R1 this provides a tighter bound than the MIMO channel outer bound. However, the rateR1 cannot be

similarly bounded, asS2, which knowsS1’s message could aidS1 in sending it and thus boostS1’s rate

above the interference-free channel case ofa21 = 0. In fact, the point(R∗
1, 0) of Corollary 2 is achievable,

whereR∗
1 = 1

2 log(1 + (
√
P1 + a21

√
P2)

2/Q1).

Optimal choices ofα andβ (to optimize, for example, the sum rate) remains an open problem. However,

some values ofα andβ are intuitive and worth noting. Rather than randomly generateα, β, γ andλ values,

we cycle throughγ andλ systematically, and chooseK, a parameter selected so as to demonstrate the

effect of a gradual and systematic decrease in the parameters α andβ as:

α = γ
a2
12P1

K(a2
12P1 +Q2)

(27)

β = γ
a2
12P1

K(a2
12P1 +Q2)

. (28)
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Fig. 6. The innermost (dotted) polyhedron is the achievableregion of [10]. The next to smallest (dashed) is the achievable region

for the genie-aided cognitive radio channel in Theorem 1. The second to largest (solid) region is the achievable region of Corollary

2. The largest (dot-dashed) region is the intersection of the capacity region of the2 × 2 MIMO broadcast channel with the outer

bound onR2 of an interference-free Gaussian channel of capacity1/2 log(1 + P2/Q2). In (a) Q1 = Q2 = 1, a12 = a21 = 0.55,

P1 = P2 = 6, in (b) Q1 = Q2 = 1, a12 = a21 = 0.55, P1 = 6, P2 = 1.5. Note that sinceS2 knowsS1’s message, it could aid

S1 in sending it and boostR1 above the interference-free channel case ofa21 = 0, up to the vector channel rate ofR∗
1 .

If we were to considerX1 as interference andX2 as the message which dirty paper codes againstX1,

this choice of parameters imitates Costa’s choice of dirty paper coding parameter, that is,αX1 + βX1 =

a2
12P1

K(a2
12P1+Q2)

X1. By selectingK =
√

2 a very large region was obtained, and accurately obtains most of

the largeR2 values. This aligns well with our intuition, since a dirty paper coding choice of parameter

would seem to yield large rates forR2, while the effect onR1 remains unknown. ForK ≥ 2 and selected

to be integer for convenience, the larger theK, the flatter and wider the region, notably in theR1 direction.

Thus, we can also conclude that smallerα andβ yield largerR1 values. However, choice ofα = β = 0

does not yield the largestR1 values (since the region then reduces to the Han and Kobayashi region for the

interference channel). Hence this coding scheme, while originally chosen so as to dirty paper code against

R1, is beneficial for some nonzero values ofα andβ. We plot the regions obtained by these choices ofα

andβ of (27) and (28) in Fig. 7.

IV. COGNITIVE RADIO CHANNELS: THE CAUSAL CASE

In practice, the encoded messagexn
1 thatS1 wants to transmit cannot be non-causally given toS2. The

transmitterS2 must obtain the message in real time, and one possible way to do so is by exploiting its

proximity to S1. As in [21], this proximity is modeled by a reductionG in path loss, or equivalently, an

increase in capacity betweenS1 andS2, relative to the channels between the senders and the receivers.

If, for example, the channel betweenS1 andS2 is an Additive White Gaussian Noise (AWGN) channel,

then the capacity increases toC = 1
2 log (1 +G · P1

Q ), whereQ is the additive Gaussian noise power.
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Fig. 7. Outermost region is the achievable region of Theorem1. The next regions, in consecutive order (outermost to innermost)

are those of Theorem 1 withα(K), β(K) as in Eq. (27), (28), and having valuesK equal to
√

2, 2, 4, 8 and128.

Alternatively, if S1 andS2 are base-stations, then it may be possible forS2 to obtainS1’s message through

a high bandwidth wired connection (if one exists) in real time. In the Gaussian cognitive radio channel

model, all receivers know the channel between themselves and the relevant sender(s). In addition, both

senders and receivers know the interference channel parametersa12 anda21. We propose four protocols,

two of which follow a 2 phase scheme as shown in Fig. 8 and derive the corresponding achievable regions

shown in Fig. 9 (Protocol 1), and Fig. 10 (Protocol 2) which allow S2 to obtainS1’s message in a causal

manner. Protocol 3 is formally defined as a protocol in which no message knowledge is required byS2,

that is, the two senders remain independent. This protocol has the same achievable region as that of the

interference channel shown as the innermost (dotted) region in Fig. 6. Protocol 4 is again causal in nature,

and produces a point of the form(R, 0), and is not shown explicitly, but whose addition to the convex

hull of the 4 achievable regions is shown in Fig. 11 (which is again achievable), and forms the final inner

bound on the causal achievable region. We assume thatS1 knows the channel between itself andS2 in

all cases. We note that the genie-aided cognitive radio channel achievable region provides an outer bound

on a causal achievable region which employs the same underlying coding strategy. This is because any

causal scheme utilizing the coding strategy of Corollary 2 may be imitated by a non-causal scheme. The

genie-aided achievable region computed in the previous section will thus serve as an outer bound for the

causal schemes presented here.

We first propose a two phase protocol, Protocol 1, for which phase 1 consists of a Gaussian broadcast

channelS1 → (S2,R1). During phase 1,S2 is in “listening” mode, whileS1 transmits some portion of

theM1 message,µnR11 bits of the totalnR1 bits toY1, and all ofM1 (nR11 bits) andN1 (nR12 bits) to

S2. OnceS2 has obtained the messageM1 of S1, transmission follows the Gaussian modified genie-aided
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cognitive radio channel scheme during phase 2. The rationale behind Protocol 1 is to have two clear and

distinct phases: one in whichS1’s message is transmitted toS2, and a second in which both transmitters

send their messages and the genie-aided rates are achievable. However, during phase 1, we use a broadcast

channel approach to the problem in order to allow the receiver R1 to decode at least part of the message

of S1. That is, during the period in whichS2 is obtainingS1’s message, the receiver ‘overhears’ some of

the message and is able to decode it partially. More precisely,

Lemma 3: (Protocol 1)Let the 4-tuple(R11, R12, R21, R22) be an achievable rate pair of the modified

genie-aided cognitive radio channel. DefineRs(α) = 1/2 log(1 + GαP1

Q ), andRy(α) = 1/2 log(1 +

(1−α)P1

αP1+Q1
), whereQ is the additive Gaussian noise power atS2, andG is the gain factor andQ1 > Q/G.

Let α̂ ∈ [0, 1] be such that
nµR11

Ry(α̂)
=

n(R11 +R12)

Ry(α̂) +Rs(α̂)
(29)

and definef
△
= µR11

Ry(α̂) . Then if 1
1−f ((1−µ)R11, R12, R21, R22) is achievable for the modified genie-aided

cognitive radio channel, then the rate pair(R1 = R11 +R12, R2 = R21 +R22) is achievable for the causal

case.

Proof: In phase 1, consider the Gaussian broadcast channel betweenS1 → S2 andS1 → R1, and

let Rs denote the rate betweenS1 andS2, andRy denote the rate betweenS1 andR1 (outputY1). Let

the noise atS2 be additive Gaussian noise of powerQ, and the gain factor betweenS1 and S2 be G.

AssumingQ1, the noise power atR1, is greater thanQ/G, we have a degraded broadcast channel, and

then the following broadcast rates [4] are achievable for0 ≤ α ≤ 1,

Rs(α) <
1

2
log

(

1 +
GαP1

Q

)

Ry(α) <
1

2
log

(

1 +
(1 − α)P1

αP1 +Q1

)

Notice thatR1 can only decode its own message, whereasS2 can decode both its message as well as

that of R1 due to the degraded nature of the broadcast channel. Now, consider trying to achieve a rate

of R1 = R11 + R12 for the causal Gaussian cognitive radio channel, whereR11 andR12 are achievable

rates for the modified Gaussian cognitive radio channel. Fora givenµ ∈ [0, 1], we try to find α̂ such

that the messages atY1 and S2 are fully receivedsimultaneously. Thus, we try to findα such that,
nµR11

Ry(α̂) = n(R11+R12)
Ry(α̂)+Rs(α̂) . We letf

△
= µR11

Ry(α̂) = R11+R12

Ry(α̂)+Rs(α̂) . This is the fraction of the transmission duration

S1 spends in the broadcast channel phase. During this phase,Y1 has obtainedµR11. Thus, in order to send

the overall ratesR11,andR12, during phase 2, of duration(1− f) of the total transmission length, the rate

1
1−f ((1 − µ)R11, R12, R21, R22) must be achievable for the modified Gaussian cognitive radiochannel.

If this is the case, then the rate(R11, R12, R21, R22) has been achieved for the overall causal modified

cognitive radio channel, leading to a rate of(R11 +R12, R21 +R22) for the causal cognitive radio channel.

Next consider Protocol 2 which also consists of two phases, and in which S1 transmits using the
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Fig. 8. (a) illustrates the listening phase of the cognitiveradio channel and (b) illustrates the cognitive radio channel phase.

distribution forCm
cog during both phases. This scheme is conceptually similar to that found in [21]. The

two phases can still be viewed as in Fig. 8, however the underlying distributions differ from those of

Protocol 1. In phase 1,S1 transmits toY1 and Y2, while S2 is in “listening” mode, and refrains from

transmission until it has completely overheard and decodedthe message ofS1. At this point, the scheme

enters phase 2, in whichS2 starts transmission as well, according to the scheme of Section II. In phase 2,

S1 continues transmitting according to the same distribution, however a reduced rate of information transfer

will be necessary, due to the added interference from the now-transmittingS2. The rationale behind this

scheme is to simplify the coding scheme atS1: it transmits using the same distribution for both phases. It

is just S2 who must first listen, then once it has the message, proceed tojoin S1 in transmitting.

In order to determine the rate pairs(R1, R2) achievable in this causal scheme, letnR1 be the total

number of bits to be transmitted byS1. Definef = n1

n , where0 ≤ n1 ≤ n is the number of symbols for

phase 1, and(n− n1) is the number of remaining symbols for phase 2. Then,

Lemma 4: (Protocol 2)Fix a distribution according to (2). LetR
′

11 be the rate achieved byS1 to R1

andR′
12 be the rate achieved byS1 to (R1,R2) in phase 1, andR

′′

11, R
′′

12, R
′′

21, R
′′

22 be the rates achieved

by S1,S2 respectively during the second (cognitive) phase. If the following eqns. are satisfied,

R
′′

11

R
′′

11 + I(M1;S2|N1) −R
′

11

≤ f ≤ 1 (30)

R
′′

12

R
′′

12 + I(N1;S2|M1) −R
′

12

≤ f ≤ 1 (31)

R
′′

11 +R
′′

12

R
′′

11 +R
′′

12 + I(M1, N1;S2) −R
′

11 −R
′

12

≤ f ≤ 1, (32)

then the rate pair(R1 = f(R
′

11 +R
′

12) + (1 − f)(R
′′

11 +R
′′

12), R2 = (1 − f)(R
′′

21 +R
′′

22)) is achieved by

Protocol 2.

Proof: Let n1 = fn. Phase 1 and phase 2 have durationsn1 and (n − n1) symbols respectively.

By definition ofR
′

11, R
′

12, R
′′

11, R
′′

12, the overall data transmitted byS1 during then symbols isnR1 =

n1(R
′

11 +R
′

12) + (n− n1)(R
′′

11 +R
′′

12). However, in order forS2 to reliably obtain the message ofS1 in

the firstn1 symbols over the channel(M1, N1) → S2, using the distribution employed in Section II, the
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Multiple Access Channel (MAC) constraints must be satisfied. This requires choosingn1 large enough to

simultaneously satisfy all 3 constraints (we abuse notation and letS2 denote the received signal atS2)

n1I(M1;S2|N1) ≥ nR11 = n1R
′

11 + (n− n1)R
′′

11

n1I(N1;S2|M1) ≥ nR12 = n1R
′

12 + (n− n1)R
′′

12

n1I(M1, N1;S2) ≥ nR1 = n1(R
′

11 +R
′

12) + (n− n1)(R
′′

11 +R
′′

12)

Note that these mutual informations are evaluated according to the distribution forS1 given in Section II.

This leads to the requirement of (30) - (32). During phase 2, of length(n−n1) symbols, the ratesR
′′

11+R
′′

12

andR
′′

21+R
′′

22 are achievable for a fraction(1−f) of the total transmission length. Thus, weighting the two

portions yields the achievable rate pair(R1 = f(R
′

11+R
′

12)+(1−f)(R
′′

11+R
′′

12), R2 = (1−f)(R
′′

21+R
′′

22)).

Finally, two more obvious protocols are achievable: let Protocol 3 denote a scheme in whichS2 starts

transmission immediately and does not obtain the message ofS1, as is the case for the classical interference

channel. Any point achievable for the interference channelis causally achievable here. Qualitatively, when

the channel betweenS1 and S2 is not significantly better than that betweenS1 and R1 (i.e., there is

little or no geometric gain) it becomes more beneficial, in terms of achievable rates, forS1 and S2 to

simply independently transmit their messages, rather thanuse a cognitive scheme, which would require

unnecessarily large overhead.

Our final protocol, Protocol 4, describes a causal way of achieving a rate pair of the form(R, 0), whereS2

sends no information of its own and simply aidsS1 in sendingS′
1s message. Let Protocol 4 be a two phase

protocol, for which phase 1 consists of a Gaussian broadcastchannelS1 → (S2,R1). For anyα ∈ [0, 1],

let R1(α) andR2(α) denote the broadcast rates [4] betweenS1 → R1 andS1 → S2 respectively. Let the

additive Gaussian noise at senderS2 be of powerQ, and the gain factor betweenS1 andS2 beG. Let

R∗
1 = 1

2 log(1 + (
√

P1+a21

√
P2)2

Q1
), the rate achievable in phase 2 during whichS2 collaborates to transmit

S1’s message according to the optimal distribution for the vector channel(S1, S2) → R1 (Corollary 2).

Let f = 1
1+R2(α)/R∗

1
. Then the rate pair

(f(R1(α) +R2(α)), 0) (33)

is achievable in a causal fashion. To see why this is indeed the case, in phase 1, consider the Gaussian

broadcast channelS1 → (S2,R1), and letR1 denote the rate betweenS1 andR1, andR2 denote the

rate betweenS1 andS2. Let the noise atS2 be additive Gaussian noise of powerQ, and the gain factor

betweenS1 andS2 beG, andQ/G < Q1. Then the following broadcast rates [4] are achievable for any

given 0 ≤ α ≤ 1,

R1(α) <
1

2
log

(

1 +
(1 − α)P1

αP1 +Q1

)

R2(α) <
1

2
log

(

1 +
GαP1

Q

)

.
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Protocol 1 Phase 1: broadcast channelS1 → (S2,R1), phase 2: cognitive transmission.

Protocol 2 S1 transmits using the cognitive transmission distribution during both phases,

S2 starts transmitting immediately once it has obtained the message.

Protocol 3 No cognitive transmission: a pure interference channel.

Protocol 4 Phase 1: broadcast channelS1 → (S2,R1), phase 2: relay channel(S1,S2) → R1

TABLE II

SUMMARY OF THE FOUR CAUSAL COGNITIVE RADIO PROTOCOLS.

Again, let phase 1 be of durationn1 symbols, and phase 2 be of duration1 − n1 symbols. During phase

1, R1 receivesR1(α)n1 bits, whileS2 receives(R1(α)+R2(α))n1 bits. We also require thatS2 receives

the total number of bits to be sent toR1 during the firstn1 symbols. Thus, if the overall rate (fromS1 to

R1) achieved is denoted byR, thenn1(R1(α)+R2(α)) = R. During phase 2, both senders form a vector

channel in order to send the remainingn1R2(α) bits. They do so at the maximal rate possible for this

vector channel, given byR∗
1 = maxp(x1,x2) I(X1, X2;Y1) = 1

2 log(1+ (
√

P1+a21

√
P2)2

Q1
). Thus, equating the

number of bits sent during phase 2 we obtain(1−n1)R
∗
1 = n1R2(α). Definingf = n1

n to be the fraction

of the total transmission duration spent in phase 1, we havef = 1
1+R2(α)/R∗

1
andR = f(R1(α)+R2(α)).

In summary, we have provided four possible causal protocolsfor cognitive radio channels, as summarized

in Table II.

These four Protocols can be combined to form an overall causal achievable region.

Theorem 5:The convex hull of the regions achieved under Protocols 1, 2,3 and 4 is causally achievable.

In order to demonstrate the effect of causality on the achievable region in the Gaussian noise case, for

Protocol 1, consider Fig. 9. For values of the gain factorG = 1 andG = 10, a finite set ofµ taken from

[0, 1], and for a certain genie-aided achievable rate-tuple(R11, R12, R21, R22), we solve forα̂ such that

(29) is satisfied. If such an̂α exists, formf and verify whether 1
1−f ((1−µ)R11, R12, R21, R22) lies in the

achievable region of the modified genie-aided Gaussian cognitive radio channel. If so,(R11, R12, R21, R22)

is achievable in the causal case. Fig. 9 demonstrates the regions attained by Protocol 1 forG = 1 (innermost,

dotted) andG = 10 (middle, dashed) as compared to the achievable region of thegenie-aided cognitive

radio channel of Theorem 1 (outer, solid). For Protocol 2, the regions of Fig. 10 are achievable forG = 1

(innermost) andG = 10 (middle), and are compared to the genie-aided achievable region of the cognitive

radio channel of Theorem 1 (outer). In order to calculate these regions, we use the same assumptions on

the forms of the relevant random variables as in Section III.To calculateR
′

11 andR
′

12 one can use the

equations of Theorem 1, ignoring all ofS2’s signals, as it is not transmitting anything during phase 1.
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Fig. 9. The outermost (solid) curve is the overall genie-aided achievable region of the genie-aided cognitive radio channel as in

Theorem 1. Both plots demonstrate the various regions causally attained using Protocol 1 for gain factor valuesG = 1 (innermost,

dotted) and 10 (middle, dashed). Both figures illustrate theregions with parametersQ1 = Q2 = 1 anda12 = a21 = 0.55, and in

(a) P1 = P2 = 6, in (b) P1 = 6, P2 = 1.5

That is,(R′
11, R

′
12) satisfy:

R′
11 ≤ I(Y1, N1;M1)

R′
12 ≤ I(Y1,M1;N1)

R′
11 +R′

12 ≤ I(Y1;M1, N1)

R′
12 ≤ I(Y2;N1).

These mutual information terms are evaluated using the assumed Gaussian forms on the random variables

of Section III. Finally,R
′′

1 andR
′′

2 are exactly the rates calculated in Section III. However, these rates

are only achieved for a fraction of the totaln symbols. Evaluating the region numerically yields Fig. 10.

Protocol 3 yields the same region as the interference channel, as computed in [10], and whose achievable

region corresponds to the innermost (dotted) region of Fig.6. Protocol 4 yields points of the form(R, 0)

for each selected value ofα, the power tradeoff parameter for the broadcast channel, and for each gain

factor valueG. For G = 1, the maximal Protocol 4 point was 1.4037 bits/channel use and for G = 10,

the maximal point achieved by Protocol 4 was 1.4730 bits/channel use forP2 = 6 and 1.4026 bits/second

for P2 = 1.5. The overall causal achievable region is then the convex hull of the regions achieved under

Protocols 1, 2, 3 and 4. This region is shown in Fig. 11

V. CONCLUSION

Although interest in cognitive radio technology has exploded recently, theoretical knowledge concerning

its limits is still being acquired. In this paper, we contribute to this emerging field by defining and proving

an achievable region for a more flexible and potentially moreefficient transmission model for cognitive
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Fig. 10. The outermost (solid) curve is the genie-aided cognitive channel achievable region of Theorem 1. Both plots demonstrate the

various regions causally attained using Protocol 2 for values ofG = 1 (innermost, dotted),G = 10 (middle, dashed), and the genie-

aided achievable region (outermost, solid). Both figures illustrate the regions for parametersQ1 = Q2 = 1 anda12 = a21 = 0.55,

and in (a)P1 = P2 = 6, in (b) P1 = 6, P2 = 1.5.

radio channels. In contrast to the traditional cognitive radio channel model or protocol in which a sender

fills voids in time/spectrum (i.e., wait for silence or unused frequency bands), a second sender may transmit

with an existing sender at the same time or in the same frequency band. Thus the generalizedcognitive

radio channelis modeled as an interference channel in which two senders communicate over a common

medium to two independent, non-cooperating receivers, andthe second sender is given, or causally obtains

the messages of the first sender. We note that this cognitive channel definition can be extended to multiple

transmitters in which thek-th transmitter receives or obtains the messages of thek−1 preceding transmitters

and could thus perform successive dirty-paper coding. We computed an achievable region for thegenie-

aided cognitive radio channelin which one sender is non-causally given the other’s message. We then

removed the non-causal constraint, and four protocols which allow S2 to causally obtainS1’s message

were proposed. Three of the four protocols use a 2 phase technique. During the first phaseS2 obtains

S1’s message while during the second phase the genie-aided rates are achievable. In this genie-aided

scheme, the sender with the non-causal interference knowledge uses a binning technique as in Gel’fand

and Pinsker[9] (or dirty-paper coding in the Gaussian case,as in [2]), to cancel the interference fromS1

to S2. Gel’fand-Pinsker coding is performed on top of the information-separating technique first proposed

by Han and Kobayashi in [10], which yields, in most cases [16], the largest to date known achievable

region for the interference channel. Simulations in a Gaussian noise case compare the region achieved

to the 2 × 2 MIMO channel upper bound intersected with the ideal upper bound onR2 provided by an

interference-free channel, and an inner bound provided by the interference channel.
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Fig. 11. The outermost (solid) region is the achievable region of Theorem 1 for the genie-aided cognitive radio channel.Both plots

demonstrate the various regions attained using a convex combination of the Protocol 1, 2, 3 and 4 for values ofG = 1 (innermost,

dotted) andG = 10 (middle, dashed) and parametersQ1 = Q2 = 1, a12 = a21 = 0.55, and in (a)P1 = P2 = 6, in (b)

P1 = 6, P2 = 1.5. Note that sinceS2 knowsS1’s message, it could aidS1 in sending it, and boostR1 above the interference-free

channel case ofa21 = 0.

APPENDIX

PROBABILITY OF ERROR ANALYSIS:

ConsiderPe, the sum of the average probability of errors of the two senders. The average is taken

over all random codes generated as described in Section II. It is assumed that all messagess ∈ S are

equiprobable. Without loss of generality it is assumed that(s11, s12, s21, s22) = (1, 1, 1, 1) is sent with

ditherwn. Notice that the first two components,s11 and s12, are message indices, whereas the last two

components,s21 ands22, are bin indices. ThenPe may be bounded by, for each dither sequencewn,

Pe ≤Pr{ψ1(y
n
1 , w

n)
△
= ( ˆs11, ˆs12, ˆs21) 6= (1, 1, 1)|(s11, s12, s21, s22) = (1, 1, 1, 1)}

+ Pr{ψ2(y
n
2 , w

n)
△
= ( ˆs12, ˆs21, ˆs22) 6= (1, 1, 1)|(s11, s12, s21, s22) = (1, 1, 1, 1)}.

Although the decoding atR1 andR2 is described in terms ofψ1(·, ·) andψ2(·, ·), it is more convenient to

write certain probabilities of error events directly in terms of then-sequence encodingsmn
1 , n

n
1 ,m

n
2 , n

n
2 .

One type of decoding error occurs when a decoded message/binindex does not equal the sent message/bin

index. Recall that in order to send message indicess11 and s12 the n-sequencesmn
1 (s11) andnn

1 (s12)

are selected and used to obtainxn
1 . S2 is then givenxn

1 . It employs a joint typicality based decoder to

obtainmn
1 , n

n
1 from xn

1 , that is, look for(mn
1 , n

n
1 ) such that(xn

1 ,m
n
1 , n

n
1 , w

n) ∈ An
ǫ (X1,M1, N1,W ).

We thus have a multiple access channel between(M1, N1) → X1, and thus eqns. (3)-(5) ensure thatS2

is able to obtainmn
1 , n

n
1 from xn

1 . Once it has these, the bin indicess21 and s22 are used to findn-

sequencesmn
2 (s11, s12, s22) and/ornn

2 (s11, s12, s21), the firstn-sequences in binss22 ands21 respectively
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E1
MAC = {(mn

1 (1), nn
1 (1), xn

1 , wn) /∈ An
ǫ (M1, N1, X1|W )}

E2
MAC = {∃i 6= 1|(mn

1 (i), nn
1 (1), xn

1 , wn) ∈ An
ǫ (M1, N1, X1|W )}

E3
MAC = {∃j 6= 1|(mn

1 (1), nn
1 (j), xn

1 , wn) ∈ An
ǫ (M1, N1, X1|W )}

E4
MAC = {∃(i, j) 6= (1, 1)|(mn

1 (i), nn
1 (j), xn

1 , wn) ∈ An
ǫ (M1, N1, X1|W )}

EMAC = E1
MAC ∪ E2

MAC ∪ E3
MAC ∪ E4

MAC

E1
0 = {(mn

1 (1), nn
1 (1), nn

2 (1, l̂), wn) /∈ An
ǫ (M1, N1, N2|W )),∀l̂ ∈ {1, 2, . . . , 2⌈n(L21−R21)⌉}}

E1
1 = {(yn

1 , mn
1 (1), nn

1 (1), nn
2 (1, 1, 1), wn) /∈ An

ǫd
(Y1, M1, N1, N2|W )}

E1
ij(s21,l) = {(yn

1 , mn
1 (i), nn

1 (j), nn
2 (s21, l), wn) ∈ An

ǫd
(Y1, M1, N1, N2|W )}

E2
0 = {(mn

1 (1), nn
1 (1), mn

2 (1, k̂), wn) /∈ An
ǫ (M1, N1, M2|W ),∀k̂ ∈ {1, 2, . . . , 2⌈n(L22−R22)⌉}}

E2
1 = {(yn

2 , nn
1 (1), mn

2 (1, 1, 1), nn
2 (1, 1, 1), wn) /∈ An

ǫd
(Y2, M2, N1, N2|W )}

E2
j(s22,k)(s21,l) = {(yn

2 , nn
1 (j), mn

2 (s22, k), nn
2 (s21, l), wn) ∈ An

ǫd
(Y2, N1, M2, N2|W )}

that are jointly typical with(mn
1 (s11), n

n
1 (s12), w

n). If no suchmn
2 or nn

2 exist thenmn
2 (s11, s12, s22) and

nn
2 (s11, s12, s21) are not defined and an encoding error occurs. It is also convenient to definemn

2 (s22, k)

the k-th n-sequence in bins22, and similarly,nn
2 (s21, l), the l-th n-sequence in bins21 (these are always

well-defined). Hence, whenn2 or m2 are triple-indexed, without loss of generality, it is assumed the

selectedn-sequences aremn
1 (s11 = 1), nn

1 (s12 = 1),mn
2 (s11 = 1, s12 = 1, s22 = 1) = mn

2 (s22, k̂) and

nn
2 (s11 = 1, s12 = 1, s21 = 1) = nn

2 (s21, l̂) for some k̂, l̂. A sufficient condition for correct decoding

of the message(s11, s12, s21, s22) = (1, 1, 1, 1) is thatS1(y
n
1 , w

n) andS2(y
n
2 , w

n) only contain the tuple

(mn
1 (1), nn

1 (1), nn
2 (1, l̂), wn) and (nn

1 (1),mn
2 (1, k̂), nn

2 (1, l̂), wn) respectively. Then the probabilities of

error can be upper bounded as

Pr{ψn
1 (yn

1 , w
n)

△
= ( ˆs11, ˆs12, ˆs21) 6= (1, 1, 1)|s = (1, 1, 1, 1)}

≤ Pr{(mn
1 (1), nn

1 (1), nn
2 (1, 1, 1), wn) is not the only element inS1(y

n
1 , w

n)|s = (1, 1, 1, 1)}

Pr{ψn
2 (yn

2 , w
n)

△
= ( ˆs12, ˆs21, ˆs22) 6= (1, 1, 1)|s = (1, 1, 1, 1)}

≤ Pr{(nn
1 (1),mn

2 (1, 1, 1), nn
2 (1, 1, 1), wn) is not the only element inS2(y

n
2 , w

n)|s = (1, 1, 1, 1)}.

The indicesi, j, k, l are associated with the choice of then-sequence encodings transmitted by the random

variablesM1, N1,M2, N2 respectively. Define the error events: Then, ifX denotes the complement of

eventX ,

Pe ≤ Pr{E1
MAC} + Pr{E2

MAC}

+ Pr{E3
MAC} + Pr{E4

MAC}

+ Pr{E1
0 |EMAC} + Pr{E1

1 |E1
0 ∩ EMAC}
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+
∑

ij(s21,l) 6=11(1,l̂)

Pr{E1
ij(s21,l)|E1

1 ∩ E1
0 ∩ EMAC}

+ Pr{E2
0 |EMAC} + Pr{E2

1 |E2
0 ∩ EMAC}

+
∑

j(s22,k)(s21,l) 6=1(1,k̂)(1,l̂)

Pr{E2
j(s22,k)(s21,l)|E2

1 ∩ E2
0 ∩EMAC}.

We examine each error event separately. Asn→ ∞, Pr{E1
MAC} → 0 by the Asymptotic Equipartition

Property. Provided the multiple access equations (3)-(5) are satisfied, the three probabilitiesPr{E2
MAC},

Pr{E3
MAC}, Pr{E4

MAC} all vanish asn→ ∞. Furthermore,

Pr{E1
0} ≤ Pr{(mn

1 (1), nn
1 (1), wn) /∈ An

ǫ (M1, N1|W )}

+
Y

1≤l≤2⌈n(L21−R21)⌉

Pr{(mn
1 (1), nn

1 (1), nn
2 (1, l), wn) /∈ An

ǫ (M1, N1, N2|W )|(mn
1 , nn

1 , wn) ∈ An
ǫ (M1, N1|W )}

≤ ǫ + (1 − 2−n(I(N2;M1,N1|W )+3ǫ))2
⌈n(L21−R21)⌉

(34)

≤ ǫ + e−2−n(I(N2;M1,N1|W )+3ǫ−L21+R21+1/n)
(35)

The inequalities (34), (35) follow the form of [4], p. 356. Thus,Pr{E1
0} will decay to0 asn→ ∞ as

long asL21 −R21 > I(N2;M1, N1|W ) + 3ǫ. Similarly, Pr{E2
0} → 0 asn → ∞ providedL22 − R22 >

I(M2;M1, N1|W ) + 3ǫ (eqn. (7)). Thus, we have shown that provided equations (6) and (7) hold,mn
2

andnn
2 may be found in the desired bins such that(mn

1 , n
n
1 ,m

n
2 , w

n) and (mn
1 , n

n
1 , n

n
2 , w

n) are strong

jointly typical triples in theǫ sense. We now wish to show that the 5-tuple(mn
1 , n

n
1 ,m

n
2 , n

n
2 , w

n
1 ) is

also strongly jointly typical in the2ǫ sense. This is not the case in general, but when the distribution

p(m2, n2|m1, n1, w
n) is of the formp(m2|m1, n1, w

n)p(n2|m1, n1, w
n) then with high probability this

will be the case, as proven in Lemma 6 at the end of this section.

Next, consider the error eventsE1
1 andE2

1 . Since(M1, N1,M2, N2,W ) → (X1, X2) → (Y1, Y2) is

a Markov chain, the probability that(yn
1 , y

n
2 ,m

n
1 , n

n
1 , n

n
2 , x

n
1 , w

n) are not3ǫ jointly typical goes to 0 as

n→ ∞ (and so any subset thereof is also jointly typical with high probability).

Finally, consider all the possible joint decoding errors, given that the channel inputs are jointly2ǫ typical.

We decode with aǫd joint typicality decoder, whereǫd > 3ǫ. We suppose indiceŝl andk̂ have been chosen

and that

T1 = {(yn
1 ,m

n
1 (1), nn

1 (1), nn
2 (1, l̂), wn) ∈ An

ǫd
(Y1,M1, N1, N2|W )}

T2 = {(yn
2 , n

n
1 (1),mn

2 (1, k̂), nn
2 (1, l̂), wn) ∈ An

ǫd
(Y2, N1,M2, N2|W )}.

Then, for all(s21, l) 6= (1, l̂) sincePr{E1
11(2,1)|T1} = Pr{E1

11(s21,l)|T1} and analogously forPr{E2
1(s22,k)(s21,l)|T2}

at R2,

∑

ij(s21,l) 6=11(1,l̂)

Pr{E1
ij(s21,l)|T1}
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=
∑

ij(s21,l) 6=11(1,l̂)

Pr{(yn
1 ,m

n
1 (i), nn

1 (j), nn
2 (s21, l), w

n) ∈ An
ǫd

(Y1,M1, N1, N2|W )|T1}

≤ (2⌈n(R11−10ǫ)⌉ − 1) · Pr{E1
21(1,l̂)

|T1}

+ (2⌈n(R12−10ǫ)⌉ − 1) · Pr{E1
12(1,l̂)

|T1}

+ (2⌈n(L21−10ǫ)⌉ − 1) · Pr{E1
11(2,1)|T1}

+ (2⌈n(R11−10ǫ)⌉ − 1)(2⌈n(R12−10ǫ)⌉ − 1) · Pr{E1
22(1,l̂

|T1}

+ (2⌈n(R11−10ǫ)⌉ − 1)(2⌈n(L21−10ǫ)⌉ − 1) · Pr{E1
21(2,1)|T1}

+ (2⌈n(R12−10ǫ)⌉ − 1)(2⌈n(L21−10ǫ)⌉ − 1) · Pr{E1
12(2,1)|T1}

+ (2⌈n(R11−10ǫ)⌉ − 1)(2⌈n(R12−10ǫ)⌉ − 1)(2⌈n(L21−10ǫ)⌉ − 1) · Pr{E1
22(2,1)|T1}

≤ 2n(R11−I(M1;Y1,N1,N2|W )−10ǫ+2ǫd+1/n)

+ 2n(R12−I(N1;Y1,M1,N2|W )−10ǫ+2ǫd+1/n)

+ 2n(L21−I(N2;Y1,M1,N1|W )−10ǫ+2ǫd+1/n)

+ 2n(R11+R12−I(M1,N1;Y1,N2|W )−10ǫ+2ǫd+2/n)

+ 2n(R11+L21−I(M1,N2;Y1,N1|W )−10ǫ+2ǫd+2/n)

+ 2n(R12+L21−I(N1,N2;Y1,M1|W )−10ǫ+2ǫd+2/n)

+ 2n(R11+R12+L21−I(M1,N1,N2;Y1|W )−10ǫ+2ǫd+3/n)

∑

j(s22,k)(s21,l) 6=1(1,k̂)(1,l̂)

Pr{E2
j(s22,k)(s21,l)|T2}

=
∑

j(s22,k)(s21,l) 6=1(1,k̂)(1,l̂)

Pr{(yn
2 , n1(j),m

n
2 (s22, k), n

n
2 (s21, l), w

n) ∈ An
ǫ (Y2,M2, N1, N2|W )|T2}

≤ (2⌈n(R12−10ǫ)⌉ − 1) · Pr{E2
2(1,k̂)(1,l̂)

|T2}

+ (2⌈n(L22−10ǫ)⌉ − 1) · Pr{E2
1(2,1)(1,l̂)

|T2}

+ (2⌈n(L21−10ǫ)⌉ − 1) · Pr{E2
1(1,k̂)(2,1)

|T2}

+ (2⌈n(L22−10ǫ)⌉ − 1)(2⌈n(R12−10ǫ)⌉ − 1) · Pr{E2
2(2,1)(1,l̂)

|T2}

+ (2⌈n(L22−10ǫ)⌉ − 1)(2⌈n(L21−10ǫ)⌉ − 1) · Pr{E2
1(2,1)(2,1)|T2}

+ (2⌈n(R12−10ǫ)⌉ − 1)(2⌈n(L21−10ǫ)⌉ − 1) · Pr{E2
2(1,k̂)(2,1)

|T2}

+ (2⌈n(L22−10ǫ)⌉ − 1)(2⌈n(R12−10ǫ)⌉ − 1)(2⌈n(L21−10ǫ)⌉ − 1) · Pr{E2
2(2,1)(2,1)|T2}

≤ 2n(R12−I(N1;Y2,M2,N2|W )−10ǫ+2ǫd+1/n)

+ 2n(L22−I(M2;Y2,N1,N2|W )−10ǫ+2ǫd+1/n)

+ 2n(L21−I(N2;Y2,M2,N1|W )−10ǫ+2ǫd+1/n)
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+ 2n(L22+R12−I(M2,N1;Y2,N2|W )−10ǫ+2ǫd+2/n)

+ 2n(L22+L21−I(M2,N2;Y2,N1|W )−10ǫ+2ǫd+2/n)

+ 2n(R12+L21−I(N1,N2;Y2,M2|W )−10ǫ+2ǫd+2/n)

+ 2n(L22+R12+L21−I(M2,N1,N2;Y2|W )−10ǫ+2ǫd+3/n)

Taking ǫd = 4ǫ, and (R11, R12, R21, R22) and (L21, L22) as in the theorem statement, each of these

quantities will tend to zero as the block lengthn→ ∞.

Lemma 6:Let sequencesxn
1 , y

n
1 and zn

1 be generated independently with each letter distributed i.i.d.

according top(x), p(y) and p(z). If xn
1 and yn

1 are ǫ-strongly jointly typical according top(x)q(y|x)
(q(y|x) not necessarily equal top(y)) andxn

1 andzn
1 areǫ-jointly typical according top(x)q(z|x) (q(z|x)

not necessarily equal top(z)) then with probability→ 1 as n → ∞, (xn
1 , y

n
1 , z

n
1 ) are jointly 2ǫ-typical

according top(x)q(y|x)q(z|x).
Proof: For eachx′ ∈ X , consider the subsequences(xi1 , xi2 , . . . , xiM ) of xn

1 such thatxi1 = xi2 =

· · · = xiM = x′, whereM denotes the number of occurrences of the letterx′ in xn
1 . Then the subsequences

(yi1 , yi2 , . . . , yiM ) of yn
1 and(zi1 , zi2 , . . . , ziM ) of zn

1 have distribution near (in theǫ-strongly typical sense)

q(y|x = x′) andq(z|x = x′) respectively. By the independence of the choice of these sequences, the joint

distribution is near (in the strongly2ǫ-typical sense)q(y|x = x′)q(z|x = x′) with probability1− ǫx′ , with

ǫx′ → 0 asn→ ∞. Since the alphabet is finite,
∏

x′∈X (1 − ǫx′) → 1 asn→ ∞.
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